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Let R be a commutative unitary ring. Each polynomialfe R[XJ induces 
a function af: R + R defined by a/(r) = f (r), and f is said to be a per- 
~~tati~~ poIyn~~~a1 on R if uj is a permutation of R. We denote by P(R) 
the set of permutation polynomials on R. Much work concerning charac- 
terization, ~iassi~cation, enumeration, and generation of permutation 
polynomials on R has been done in the case where R is a finite field (see 
[ 11, Chap. 71 and [ 10, Chap. 43). This emphasis is due partially tothe fact 
that finite fields are characterized by the fact that each function from R into 
R is represented by a polynomial [ 13 J. (For generalizations to the case of 
rings that need not be commutative, and especially tothe case of matrix 
rings over a field, see [2-5, 81. The linear polynomials aX+ b, where a is a 
unit of R, are permutation polynomials on R, and in many cases are the 
only permutation polynomials on R. Note, however, that if R[X] admits a 
nonzero polynomial g(X) that vanishes identically on R, then X( g(X) + 1) 
is a nonlinear permutation polynomial on R; thus, finite rings and Boolean 
rings, for example, always admit nonlinear permutation polynomials. 
In this paper we consider the problem of determining equivalent con- 
ditions on a field F in order that F should admit a nonlinear permutation 
polynomial. If L(F) denotes the set of polynomials over F of degree 1, this 
means that we seek conditions under which L(F) < P(F). While we do not 
resolve this problem completely, we determine both a broad class of fields 
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that admit no nonlinear permutation polynomial and an ample supply 
of fields that do admit nonlinear permutation polynomials. To wit, 
Theorem 2 shows that if F is the quotient field of a valuation domain with 
principal maximal ideal, then L(F) = P(F). Many of the fields normally 
encountered in commutative algebra satisfy the hypothesis of Theorem 2; 
for example, finite algebraic number fields and fields that are of finite 
positive transcendence degree over a subfield admit rank-one discrete 
valuations, and hence are such that L(F) = P(F). Also, L(F) = P(F) if F is 
an algebraically closed field of characteristic 0.On the other hand, if K is a 
perfect field of characteristic p # 0 (in particular, if K is algebraically closed 
of characteristic p # 0), then Xp E P(K). Also, Theorem 9 shows that real 
closed fields admit many nonlinear permutation polynomials. Given a field 
K and f~ P(K), Theorem 11 provides a technique for producing proper 
sublields of K that also admit f as a permutation polynomial. 
In terms of algebraic structure, we remark that P(F) is a cancellative 
monoid under composition and L(F) is a subgroup of P(F), but these facts 
play only a minor role in our considerations. Our first result is preparatory 
for the proof of Theorem 2. 
PROPOSITION 1. Let D be an integrally closed omain with quotient field 
F. If F admits a permutation polynomial f (X) of degree n, then there exists a
manic polynomial g(X) E D[X] of degree n such that g(X) is a permutation 
polynomial on both D and F. 
Proof: Since af (X) is a permutation polynomial on F for each 
a E F\(O), we may assume without loss of generality that f(X) = 
CyzO fiXi E D[X]. Then f; If(X) is also a permutation polynomial on F, 
and f;-‘f(X)=g(f,X), where g(Y)= p+f,_,Y’-‘+ ... +f,f;-‘Y+ 
f0 f; ~ ’ E D[ Y] is manic of degree n. Moreover, since g( f, X) and f; ‘X are 
permutation polynomials on F, their composition g( fn X) of; ‘X = g(X) is 
also a permutation polynomial on F. It is clear that the function d -+ g(d) 
on D is injective; it is also surjective, for if e E D and b E F are such that 
g(b) =e, then b is integral over D, and hence bE D since D is integrally 
closed. Therefore g(Y) is a permutation polynomial on both D and F. 
THEOREM 2. Assume that (V, M) is a nontrivial valuation domain on the 
field F, where M is principal. Then F admits no nonlinear permutation 
polynomial. 
Proof We assume, to the contrary, that F admits a permutation 
polynomial of degree n > 1. By Proposition 1, there exists a manic 
polynomial f(X) = x” + f, _, x” - ’ + . . + f0 E V[ X] such that f induces a 
permutation on both F and V. Assume that m generates M. We obtain a 
contradiction by showing that f(t) # m ~ ’ for each t E F. Since f(V) E V 
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and me-’ 4 I’, it suffices to show that if t E K\ V, then f(t) #m-i. Thus 
~-‘EM, so tr’=um for some UE I’, If we assume thatf(t)=m-‘, then 
(l/u”m”) +f, 1( l/u” .- ‘m” ~ ’ ) + .. a +fO = l/m. 
Multiplying this equation by t’” - ‘mn$ we obtain the contradiction that 
0 - ’ E M so that u - ’ is both a unit and a nonunit of I< Therefore F admits 
no nonlinear ~rmutation polynomial, as asserted. 
In view of Theorem 2, we call a field F a d-field if F is the quotient field 
of a nontrivial valuation domain with principal maximal ideal, while F is a 
d*-field if F is the quotient field of a rank-one discrete valuation domain 
(d is chosen for “discrete”). A d*-field is clearly a d-field; we show in 
Example 5 that the converse fails. The class of d*-fields is large; it includes 
each field that is the quotient field of a Dedekind domain, a Noetherian 
integrally closed domain, a factorial domain, or a Krull domain. In par- 
ticular, each global field is a d*-field, and hence admits no nonlinear per- 
mutation polynomial. (Recall that the field F is &baI if either F is a finite 
algebraic number field or else char F = p # 0 and F is a finite algebraic 
extension of n(t), where n is the prime subfield of F and t is transcen- 
dental over F [ 16, p. l&5].) A finitely generated extension field of a d*-field 
is again a d*-field; this statement follows from the proof of part (a) of 
Proposition 3, which is the corresponding statement for d-fields. 
PROPOSITION 3. Let F be a field. 
(a) If F is a d-field, then each finitely generated extension field of F is 
also a d-field. 
(b) [f there exists a subfield K of F such that F/K is finitely generated 
but not a~gebraie, then F is a d*$eld. 
ProoJ To prove (a), it suffices to prove that a simple extension F(8) of 
a d-field F is also a d-field. Thus, let (I’, M) be a nontrivial valuation 
domain on F, where M is principal. If 6 is transcendental over F, then the 
trivial extension V[ S] MCel of I’ to F(B) is a valuation domain on F(0) with . . 
maximal Ideal MV[ O] MCel, which is also principal [6, Prop. 18.71. If 0 is 
algebraic over F, then we show that each extension W of V to F(0) has 
principal maximal ideal. Let n = [F(e): F]. Intuitively, if G and II are the 
value groups of W and V, respectively, we know that [G: H] s n and H has 
a least positive element, and these force G to have a least positive element, 
forcing the maximal ideal of W to be principal. To obtain a more rigorous 
proof, let P be the maximal ideal of W and assume that m generates M as 
an ideal of V. Since P” z MW = m W 116, p. 2471, if follows that P2n E 
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m2 W < m W E P. Therefore P is not idempotent, and hence P is principal 
(cf. Exercise 30 of [6, p. 2071). This completes the proof of part (a). 
In (b), let { y;};= , be a transcendence basis for F/K, where n 2 1. Then 
ML’ 1 , ..., y,) is a d*-field since it is the quotient field of the factorial 
domain K[y , , . . . . y,]; the proof of (a) and the fact that each extension of a 
rank-one valuation to an algebraic extension field has rank one [6, Thm. 
20.71 then show that F is also a d*-field. 
In exhibiting in Example 5 a d-field that is not a d*-field, we use the 
notion of a Henselian domain, defined as follows. Let (0, M) be a quasi- 
local domain with quotient field K. We say that (D, M) is Henselian and 
that K is Henselian with respect to D if the following condition is satisfied. 
If f, g,, h,, are manic polynomials in D[X] such that f=g,h, 
(mod M[X]), where g, and h, are relatively prime modulo M[X], then 
there exist manic polynomials g, h E D[X] such that f=gh, g = 
g,(mod M[X]), and h = h,(mod M[X]). We use a result (Satz 2.3.11, p. 60) 
from [l] in Example 5. This result, labelled below as Proposition 4, is 
attributed to F. K. Schmidt [ 141 in [ 11. We include a proof of 
Proposition 4 communicated to us by W. Heinzer, who also called the 
result to our attention. 
PROPOSITION 4. (Schmidt). If (D, M) is a Henselian domain with 
quotient field K and if V is a rank-one discrete valuation domain on K, then 
DG V. 
ProoJ: Let u be a valuation on K associated with V. We show first hat 
ME V. Suppose not, and choose b E M\, V. Then 1 - b E D\ V. Choose a 
positive integer n not divisible by the characteristic of D/M. Then 
f(X)=Xn-(1 -b)ED[X], and modulo M[X], f(X) factors as 
(X- l)g(X), where X- 1 and g(X) are relatively prime modulo M[X]. 
Since (D, M) is Henselian, it follows that 1 -b has an n th root in D. This 
is impossible since 1 -b has negative v-value and n can be chosen 
arbitrarily large. Therefore ME V. 
We next prove that D E V. If not, choose dts D\ V and b E M\ (0). Since 
V has rank one, d”b $ V for large n. Therefore d”b E M\ V, another 
contradiction. 
EXAMPLE 5. We exhibit a d-field L that is not a d*-field (see also 
[7, Example 3.131). Existence follows from Proposition 4 once we give an 
example of a Henselian valuation domain with principal maximal ideal that 
is not contained in a rank-one discrete valuation domain of its quotient 
field. It is easy to construct a valuation domain V such that V has principal 
maximal ideal M and V is not contained in a rank-one discrete valuation 
domain of its quotient field. For example, if X, Y, 2 are indeterminates 
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over the field k, then it is known [6, (18.3), p. 2101 that any function 
Y --, Y, Z -+ s of { Y, Z} into the set of real numbers determines a valuation 
w,, on k(X, Y, Z) over k(X). If W,, is the valuation domain of w, and if 
M,, is the maximal ideal of W,,, then W,, has rank one because the value 
group of w,, is a subgroup of the reals. We have k(X) E W,,T, and it is 
known that W,, = k(X) + M,, if and only if Y and s are rationally indepen- 
dent [6, Exercise 12, p. 2711. Thus, if w = M’ 5 is the valuation on 
k(X, Y, Z) over k(X) induced by Y + 1, Z --+ ,i” 2 ‘and if W is the valuation 
domain of ~1, then W is nondiscrete of rank one, and W= k(X) + N, where 
N is the maximal ideal of W. Now k[X],,, is a rank-one discrete valuation 
domain on k(X) with principal maximal ideal generated by X. Hence the 
pullback I/= k[X],,, + N is a rank-two valuation domain on k(X, Y, Z) 
with principal maximal ideal Xk[X],,I + N = XV; moreover the unique 
rank-one valuation overring W of V is not discrete. The Henselization I/* 
of V’ is a localization of the integral closure D of V in an appropriate 
algebraic extension field L [ 12, p. 1801; hence D is a Priifer domain [6, 
(22.3), p. 2771 and V* is a Henselian valuation domain with principal 
maximal ideal M* = MI/* [ 12, p. 1801. The rank-one valuation overring 
of I’* is D,, where P is the unique height-one prime of D contained in 
M* n D. Since D, n k(X, Y, Z) is a rank-one valuation overring of V, it is 
an extension of V; it follows that D, n k(X, Y, Z) = W [6, (19.6) p. 2451, 
and since W is nondiscrete, so is D, [6, (19.6), p. 2451. Consequently, L is 
a d-field that is not a d *-field. 
The converse of Theorem 2 fails. For example, if F is algebraically closed, 
then it is known that F is not a d-field, and the next result shows that an 
algebraically closed field need not admit a nonlinear permutation 
polynomial. 
PROPOSITION 6. If F is an algebraically closed field of characteristic 0, 
then F admits no nonlinear permutation polynomial. 
Proof Assume that f(X) is a permutation polynomial on F. Without 
loss of generality we assume that f (0) = 0. Since f (X) is a product of linear 
factors in F[X] and since 0 is the unique root off(X) in F, it follows that 
f(X) = cX” for some CE F\(O). Then since cx” = c has both a unique 
solution and n solutions, it follows that n = 1; that is, f(X) is a linear 
polynomial. 
If K is a perfect field of characteristic p #O, then Xp is a nonlinear 
permutation on K; moreover, if K is algebraically closed, then a slight 
modification of the proof of Proposition 6 shows that {aXPn + b 1 a, b E K, 
a # 0, n b 0} is the set of permutation polynomials on K. (For a proof, see 
[5, Thm. 71; note that Proposition 6 also appears as Theorem 6 of [S].) 
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Since the set P(K) of permutation polynomials on K forms a cancellative 
monoid under composition (this is true for any commutative unitary ring), 
one way of interpreting this statement is to say that P(K) is generated by 
its subgroup of linear permutation polynomials and the polynomial Xp. 
In contrast with the case of algebraically closed fields of characteristic 0,
each real closed field F admits a nonlinear permutation polynomial; 
for example, Xzk + ’ is a permutation polynomial on F for each k d 0. 
Theorem 9 gives equivalent conditions on f(X) E F[X] in order that ,j(X) 
should be a permutation polynomial on F. The proof of Theorem 9 uses a 
lemma. 
LEMMA 7. Suppose F is an ordered field, b E F, and f(X) E F[ X] \ F is 
manic of degree n. 
(a) There exists c,~Fsuch thatf(t)abfor t>c,. 
(b) If n is even, there exists CUE F such that f(t) b b for t <c,. 
(c) If n is odd, there exists c3 E F such that f(t) 6 b for t 6 c3. 
Proof (a) We use induction on n, with the result being clear for n = 1. 
At the inductive step, let f(X) have degree k > 1 and write 
f(X) = Xg(X) + S, where s =f (0) and g(X) has degree k - 1. Choose c1 E F, 
c, > 1, such that g(t) 3 max{O, b + 1.~1) for t 3 c,. Then for t 3 c,, we have 
f(t)=tg(t)+s> l(b+ Isj)+s3b. 
(b) Let h(X) =f( -X). By (a), there exists ci E F such that h(t) 3 b 
for tat,. If c2= -ci, it follows that if tdc,, then h(-t)=f(t)>b. 
To prove (c), it suffices to consider the case where b < 0. If n = 1, the 
statement is clear, and if n > 1, write f(X) = Xg(X) + s, where g(X) is manic 
of even degree n - 1 and s =.f(O). By (b), there exists c2 E F such that 
g(t)>[s/-b if t<c,. Let c,=min{-l,c,}. For t<c, we have 
f(t) = tg(t) + s < t( /s( -b) + s d b - IsI + s < b. 
COROLLARY 8. If F is an ordered field and if the manic polSvnomial 
f(X) E F[X] is such that the function t-+ f (t) on F is strictly increasing, then 
f(X) has odd degree. 
Proof Apply (b) of Lemma 7. 
THEOREM 9. If F is a real closed field and f (X) E F[X]\F, the following 
conditions are equivalent. 
(1) f (A’) is a permutation polynomial on F. 
(2) The function t-f(t) on F is injective. 
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(3) f’(X) does not change signs on F. 
(4) The function t -+ f (t) on F is either strictly increasing orstrictly 
decreasing. 
Proof. Clearly (1) implies (2), and the proof that (3) implies (4) is the 
same as the usual proof from calculus, using the facts that a real closed 
field satisfies the mean value theorem for polynomials [9, Exercise 6, 
p. 2951 and that a nonzero polynomial over F has only finitely many roots 
in F. To show that (2) implies (3) we prove the contrapositive. Thus, 
assume that f’(X) changes signs on F. By the intermediate value theorem 
for polynomials over F [9, p. 2941, it follows thatf’(X) has a root in F. Let 
c(, < . . . < a, be the roots off’(X) in F. On each of the intervals (- cc, c(,), 
(cci, ai+ i), (a,, cc), f’(X) has no root and it has a fixed sign. Thus, we can 
find fl, a, y in F with fi < a < y and, say, f’(X) negative on (fi, a), positive 
on (a, y) andf’(a) = 0. The mean value theorem implies that f(X) is strictly 
decreasing on (8, a) and strictly increasing on (a, y). Iff(/?) =,f(r), then the 
mapping on F induced by f is not injective. On the other hand, if 
f(B) #f(y) and, say, f(B) <f(r), then the polynomial .f(W-f(B) is 
negative at a and positive at y. Hence f(s) -f(P) = 0 or f(s) =f(fl) for 
some 6 E (a, y). Again this implies that t +f(t) is not injective, and com- 
pletes the proof that (2) implies (3). 
Finally, assume that t -+f(t) is strictly monotonic on F. Then clearly this 
map is injective. To see that it is also surjective, write f(X) = hg(X), where 
b is the leading coefficient off and g is manic. Then t + g(t) is a strictly 
increasing function on F, so Corollary 8 shows that g(X) (like f(X)) has 
odd degree. Parts (a) and (c) of Lemma 7 then imply that the set 
{g(t) ( t E F} is not bounded above or below, and hence the intermediate 
value theorem implies that t -+ g(t) is surjective. Therefore t +f(t) is also 
surjective, and f(X) is a permutation polynomial on F, as we wished to 
show. 
The proof of Theorem 9 establishes the following corollary. 
COROLLARY 10. If f (A’) is a permutation polynomial on a real closed 
field F, then f(X) has odd degree. 
Over a real closed field F, each nonconstant polynomial is a product of 
irreducible quadratics that do not change signs and linear polynomials. 
Hence, the monies g(X) E F[X] that do not change signs are those for 
which each linear factor of g(X) occurs in the prime factorization of g(X) 
to an even exponent. According to part (3) of Theorem 9, the permutation 
polynomials on F are, up to unit factors, precisely the antiderivatives of 
these polynomials g(X). 
If F is a real closed field, then P(F) contains the set S= 
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{aX+b 1 a#O} u {X 2k+ ‘};=, , but S does not generate P(F); for example, 
X3 +X is in P(F) but not in the submonoid of P(F) generated by S. 
We can use Theorem 9 to provide a large new class of fields that admit 
nonlinear permutation polynomials. To do so, we introduce some notation. 
Assume that F is a subfield of the field K and that ~(X)EK[X] is a 
permutation polynomial on K. By adjoining the coefficients off to F if 
necessary, we assume that, in fact, f(X) EF[X]. For b E F, let 0, be the 
unique root of f(X) - h in K, and let p(K, F,f) = F( { 8, 1 b E F}). Having 
defined a subfield $(K, F, f) of K containing F, define pi+ ‘(K, F,,f) to be 
p(K,p’(K, F,f),f). Clearly FE~(K, F,f)zp’(K, F,f)E...; we define 
A(K, F,f) to be lJy=, p’(K, F, f). Abbreviate A(K, F, f) to d. We claim that 
f is a permutation polynomial on d and that, in fact, A is the smallest 
intermediate field of the extension Fc K on which f is a permutation 
polynomial. To verify these claims, note that the map t-f(t) is injective 
on A since it is injective on K. Moreover, if c E A, then c E$(K, F, f) for 
some i, so by definition, c =f(d) for some dtz pif’( K, F, f) E A. Therefore 
,feP(A), as asserted. If FE L c K and if fe P(L), it is clear that 
p(K, F, f) E L, whence ,u’(K, F, f) s L, etc., and consequently, A E L. It is 
natural to ask about properties of these fields A and whether, for example, 
distinct permutation polynomials f and g give rise to distinct fields 
A(K, F, f) and A(K, F, g). Besides restating the observations made above, 
Theorem 11 provides additional information about the fields A(K, F, f ). 
THEOREM 11. Let the notation and hypothesis concerning K, F, f and A 
be as in the preceding paragraph. Let n = deg f and let L be a finite extension 
ofFind. 
(1) A/F is algebraic andfEP(A). 
(2) If q is a prime divisor of [L: F], then q < n. 
(3) Iff = Xp, where p is prime, then [L: F] is a power of p. 
Proof: (2) Let L = F(t,, . . . . t,). We have L c ,u”“(K, F, f) for some m. 
To prove that q d n, we use induction on m. If m = 1, then by construction, 
L z F(8,, . . . ok), where f (Oi) E F for each i. Since [L: F] divides 
CF(fJ, . . . . ok): F] =nF=, [F(O,, . . . 0,): F(B,, . . . . 8, -~,)I, then q divides 
[F(O,, . . . . 0,): F(Q,, . . . Bip ,)I = dj for some i. It is clear, however, that d,<n 
since Oi is a root of a polynomial over F(O,, . . . Bip ,) of degree n. Thus, (2) 
holds if m = 1. At the inductive step, we have L = F(t,, . . . . t,) cpm(K, F, f ), 
and hence LG@‘-‘(K, F, f)(e,, . . . . 0,) for some 8,, . . . Ok such that 
f (Oi) E ,u~ - ‘(K, F, f) for each i. Writing each t, as an element of 
P “--‘(K, F,f)(O,, . . . . O,), it follows that there exists a finite subset Y, of 
m-l(K, F,f) such that t,EF(Y;)(fl,,..., 0 ). Thus, if Y=(U;=i Yi)u 
and if E= F(Y), then E is a finite extension of F in 
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p+‘(K, F,f), and Ls E(B,, . . . . C!I,)cg(K, E,f). It follows that q divides 
CE(e,, . . . . Ok): F] = [E: F][E(O,, . . . . 8,): E], and hence q divides either 
[E: F] or [E(e,, . . . . 6,): E-1; in the first case, q <n by the induction 
hypothesis, and in the second, q d IZ by the case where m = 1. This com- 
pletes the proof of (2). 
Statement (3) can be obtained from the proof of (2), using the fact that 
each element of K has a unique p th root in K and the fact that over any 
field L, a pure polynomial Xp - c of prime degree is either irreducible or 
has a root in L [15, Sect. 553. 
It follows easily from part (3) of Theorem 11 that, for given fields K and 
F, there may be infinitely many fields of the form AfK, E;f). For example, 
if F is a formally real field that is not real closed and if K is a real closure of 
F, then Xf E P(K) for each odd prime p, but it follows from part (3) of 
Theorem 11 that A( K, F, Xp) n d(K, F, .A?) = F for p # q. On the other 
hand, distinct polynimials f and g may give rise to the same d-fields. For 
instance, it can be shown that if x” and x” are ~rmutation poiynomia~s 
on K, where m and n have the same prime factors, then d(K, F, Xm) = 
d(K, F, A”‘). 
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